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:ÏOF]DýVND ���� ������ âÏG�� 3RODQG

�5HFHLYHG 'HFHPEHU ��� ����� LQ UHYLVHG IRUP 6HSWHPEHU �� �����

$EVWUDFW

7KH WUDQVIRUPDWLRQ UDWH RI WKH FKDLQV LQ DPRUSKRXV VXOSKXU GRSHG ZLWK ����� ���� DQG

����� DW� 3 ZDV H[DPLQHG E\ FDORULPHWULF PHWKRG DW ��� .� 7KH VDPSOHV ZHUH UHPHOWHG DW

7
I
 ��� .� )RU GHVFULSWLRQ RI WKH UHVXOWV WKH HTXDWLRQ ; �−H[S>−�NW�]@ ZDV XVHG �; − WUDQVIRUPD�

WLRQ GHJUHH� W − WLPH� N DQG ] − FRQVWDQWV�� 7KH DGPL[WXUHV RI SKRVSKRUXV LQKLELW WKH WUDQVIRUPD�

WLRQ VWURQJO\� 7KH FRQVWDQWV N DQG ] DUH OHVV VPDOOHU IRU WKH VDPSOHV 6�3 WKDQ IRU SXUH VXOSKXU�

6DPSOHV 6������ DW� 3 ZHUH H[DPLQHG LQ WKH UDQJH RI WKH WHPSHUDWXUHV IURP ��� WR ��� .�

7KH DFWLYDWLRQ HQHUJ\ LV HTXDO WR ( ���� N- PRO−� ZLWK VWDQGDUG HUURU 6
(
 ���� N- PRO−��

7KH HIIHFW RI WKH DGPL[WXUH RI SKRVSKRUXV RQ WKH NLQHWLFV RI WKH QXFOHDWLRQ DQG WKH JURZWK RI

WKH QXFOHL ZDV GLVFXVVHG�

.H\ZRUGV� DPRUSKRXV VXOSKXU� NLQHWLFV RI WUDQVIRUPDWLRQ

,QWURGXFWLRQ

$PRUSKRXV VXOSKXU LV IRUPHG E\ TXHQFKLQJ RI OLTXLG VXOSKXU� :KHQ WKH WHP�
SHUDWXUH RI OLTXLG VXOSKXU� 7I� LV KLJKHU WKDQ ��� . �L�H� WKH WHPSHUDWXUH DW ZKLFK WKH
SRO\PHULVDWLRQ Q�� 6� �ULQJ� → 6Q �FKDLQ� RFFXUV� LQ WKH IUHVKO\ REWDLQHG DPRUSKRXV
VDPSOH DQ H[RWKHUPLF SURFHVV SURJUHVVHV TXLFNO\ >�−�@� 7KH NLQHWLFV RI WKH SURFHVV
LV H[SUHVVHG E\ WKH HTXDWLRQ RI $YUDPL DQG (URIHHY >� −�@� ,WV DFWLYDWLRQ HQHUJ\ LV
( �� N- PRO−� >�@�

7KH LQFUHDVH RI WKH WHPSHUDWXUH RI OLTXLG VXOSKXU� 7I� GLPLQLVKHV WKH UDWH RI WKH
SURFHVV DQG WKH DPRXQW RI WKH IRUPHG SURGXFW >�� �@� 7KH DGPL[WXUHV RI VHOHQLXP
KDYH D VLPXOWDQHRXV HIIHFW >�@�

,W LV H[SHFWHG WKDW WKH FKDLQV LQ DPRUSKRXV VXOSKXU DUH SDFNHG PRUH RU OHVV SDU�
DOOHOO\ >�@� ,W VHHPV WKDW VXFK SDFNLQJ LV QHFHVVDU\ IRU WKH RFFXUUHQFH RI WKH LQYHVWL�
JDWHG SURFHVV� ZKRVH SURGXFW LV DQ XQVWDEOH PRGLILFDWLRQ FRQWDLQLQJ WKH FKDLQV
>�−�@� 3UREDEO\� WKLV PRGLILFDWLRQ FKDQJHV LQWR RUWKRURPELF VXOSKXU FRPSRVHG RI
RUGHUHG RFWDDWRPLF ULQJV�

'XULQJ WKH PHOWLQJ RI WKH PL[WXUH RI VXOSKXU DQG SKRVSKRUXV −6−3<6−
6− ERQGV DUH

IRUPHG DQG WKH FKDLQV EHFRPH VSDFH − EUDQFKHG DQG WKHLU SDUDOOHO SDFNLQJ LV GLV�

WXUEHG VWURQJO\ >��@� 7KXV� WKH DGPL[WXUHV RI SKRVSKRUXV LQKLELW WKH H[DPLQHG SURF�

����±�������� � ����

 ���� $NDGpPLDL .LDGy� %XGDSHVW

$NDGpPLDL .LDGy� %XGDSHVW

.OXZHU $FDGHPLF 3XEOLVKHUV� 'RUGUHFKW



HVV >�@� 7KH NLQHWLFV RI WKH WUDQVIRUPDWLRQ RI WKH FKDLQV LQ WKH 6�3 − VDPSOHV KDV QRW

EHHQ H[DPLQHG� 6XFK VWXGLHV VKRXOG JLYH D QHZ LQIRUPDWLRQ RQ WKH QDWXUH RI GLV�
FXVVHG SURFHVV�

([SHULPHQWDO

7KH VWXGLHV ZHUH PDGH E\ PHDQV RI D FDORULPHWULF PHWKRG� 7KH FDORULPHWHU DQG
WKH PHDVXUHPHQW PHWKRG KDYH EHHQ GHVFULEHG HDUOLHU >�@� 7KH PHWKRG RI SUHSDUDWLRQ
RI WKH 6�3 − VDPSOHV LV JLYHQ LQ >�@�

5HVXOWV

(IIHFW RI FRQFHQWUDWLRQ RI SKRVSKRUXV

7KH VDPSOHV GRSHG ZLWK ����� ���� DQG ����� DW� 3� UHPHOWHG DW 7I ��� .� ZHUH
H[DPLQHG E\ PHDQV RI D FDORULPHWULF PHWKRG DW D WHPSHUDWXUH RI ��� .� 7KH UH�
FRUGHU VHQVLWLYLW\ DQG WKH SDSHU WUDYHO ZHUH HTXDO WR ������� . PP

−� DQG
�� PP PLQ

−�� UHVSHFWLYHO\� $V D UHVXOW RI WKH PHDVXUHPHQW WKH WHPSHUDWXUH 7F RI WKH
FDORULPHWULF FHOO YV� WLPH W FXUYH ZDV REWDLQHG >�−�@� %DVHG RQ WKH 7F I�W� FXUYHV WKH
WUDQVIRUPDWLRQ GHJUHHV ; YV� WLPH W ZHUH FDOFXODWHG

; = 4W

4
���

ZKHUH 4W DQG 4 − DUH KHDWV HYROYHG E\ � J RI VDPSOH GXULQJ WLPH W DQG W ∞ UHVSHF�
WLYHO\�

7KH W\SLFDO FXUYHV ; I�W� IRU SXUH ��� DW� 3� VXOSKXU �GDWD IURP >�@� DQG IRU WKH
VDPSOHV GRSHG ZLWK ����� ���� DQG ����� DW� 3 DUH SUHVHQWHG LQ )LJ� ��

7KH GLDJUDP LOOXVWUDWHV WKDW WKH DGPL[WXUHV RI SKRVSKRUXV VWURQJO\ GHFUHDVH WKH
UDWH RI WKH WUDQVIRUPDWLRQ �LI WKH TXDQWLW\ RI SKRVSKRUXV ZDV ODUJHU WKDQ ����� DW� 3�
WKH SURFHVV ZDV QRW REVHUYHG DW ��� .��

7KH UHVXOWV ZHUH WUHDWHG E\ WKH HTXDWLRQ RI $YUDPL DQG (URIHHY >�−��@

OJ>±OJ��±;�@ ]OJN�]OJW±OJ����� ���

)LJ� � 'HJUHHV RI WUDQVIRUPDWLRQ RI FKDLQV� ; YV� WLPH W IRU DPRUSKRXV VXOSKXU GRSHG ZLWK
SKRVSKRUXV �� DWRPLF IUDFWLRQ�
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ZKHUH N DQG ] − FRQVWDQWV�
7KH W\SLFDO GHSHQGHQFLHV OJ>−OJ��−;�@ I�OJW� IRU WKH VDPSOHV 6 DQG

6������ DW� 3 DUH JLYHQ LQ )LJ� �� ,W LV VHHQ WKDW WKH UHVXOWV ILW WKH DERYH HTXDWLRQ�

7KH FDOFXODWHG YDOXHV N DQG ] IRU DOO H[DPLQHG VDPSOHV DUH SUHVHQWHG LQ )LJV �
DQG ��

,W LV VHHQ WKDW WKH DGPL[WXUH RI SKRVSKRUXV GHFUHDVHV WKH YDOXHV ] DQG N�

'HWHUPLQDWLRQ RI WKH DFWLYDWLRQ HQHUJ\

$PRUSKRXV VXOSKXU VDPSOHV GRSHG ZLWK ����� DW� 3 ZHUH H[DPLQHG DW WHPSHUD�
WXUHV 7 ���� ���� ��� DQG ��� .� $OO VDPSOHV ZHUH UHPHOWHG DW WHPSHUDWXUH
7I ��� .� 7KH W\SLFDO GHSHQGHQFLHV OJ>−OJ��−;�@ I�OJW� IRU WKH WUDQVIRUPDWLRQ WHP�
SHUDWXUHV ��� DQG ��� . DUH SUHVHQWHG LQ )LJ� ��

)LJ� � 9DOXHV OJ>−OJ��−;�@ YV� OJW IRU WUDQVIRUPDWLRQ RI DPRUSKRXV VDPSOHV 6 DQG
6������ DW� 3 DW ��� .

)LJ� � 9DOXHV ] YV� TXDQWLW\ RI DGPL[WXUHV RI SKRVSKRUXV DW ��� .

)LJ� � 9DOXHV N YV�TXDQWLW\ RI DGPL[WXUHV RI SKRVSKRUXV DW ��� .
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7KH YDOXHV ] DQG OJN IRU DOO H[DPLQHG VDPSOHV 6������ DW� 3 DUH SUHVHQWHG LQ
)LJV � DQG �� 7KH YDOXH ] LQFUHDVHV ZLWK WKH WHPSHUDWXUH 7 RI WKH SURFHVV �)LJ� ���

7KH VORSH RI WKH OLQHDU GHSHQGHQFH RI WKH YDOXH ] YV� SURFHVV WHPSHUDWXUH 7 LV
HTXDO WR E ������� .

−� ZLWK VWDQGDUG 6E ������ .
−�� $W D VLJQLILFDQFH OHYHO RI ����

LW LV DVVXPHG WKDW WKH VORSH LV QRW HTXDO WR ]HUR�

7KH IXQFWLRQ OJN YV� WKH UHFLSURFDO WHPSHUDWXUH 7 RI WKH SURFHVV �)LJ� �� LV OLQHDU�
,WV VORSH LV HTXDO WR E −������ . ZLWK VWDQGDUG HUURU 6E ����� .� $IWHU PXOWLSOLFD�
WLRQ RI WKHVH YDOXHV E\ WKH QXPEHU ����� DQG E\ WKH JDV FRQVWDQW WKH DFWLYDWLRQ HQ�
HUJ\ ( ���� N- PRO

−� ZDV REWDLQHG ZLWK VWDQGDUG HUURU 6( ���� N- PRO
±�� 7KH PHDQ

YDOXH ]
_
LQ WKH WHPSHUDWXUH UDQJH IURP ��� WR ��� . LV HTXDO WR ����� ZLWK DQ HUURU RI

�������

)LJ� � 9DOXHV OJ>−OJ��−;�@ YV� OJW IRU WKH WUDQVIRUPDWLRQ RI DPRUSKRXV VXOSKXU ZLWK
����� DW� 3 DW ��� DQG ��� .

)LJ� � 9DOXH ] YV� SURFHVV WHPSHUDWXUH IRU DPRUSKRXV VXOSKXU GRSHG ZLWK ����� DW� 3

)LJ� � $UUKHQLXV VORSH IRU WUDQVIRUPDWLRQ RI DPRUSKRXV VXOSKXU GRSHG ZLWK ����� DW� 3
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'LVFXVVLRQ

7KH DGPL[WXUH RI SKRVSKRUXV GHFUHDVHV WKH YDOXHV ] DQG N LQ (T� ����
7KHVH UHVXOWV PD\ EH H[SODLQHG DV IROORZV� 7KH WUDQVIRUPDWLRQ RI WKH FKDLQV

SURFHVVHV LQ WKH VWDJHV RI WKH IRUPDWLRQ DQG JURZWK RI WKH QXFOHL >�−�@� 7KH\ DUH
IRUPHG GXULQJ FRQVHFXWLYH SURFHVVHV LQ WKH WUDQVIRUPDWLRQ FHQWUHV� L�H� LQ WKH PL�
FURUHJLRQV ZKHUH WKH FKDLQ IUDJPHQWV DUH DUUDQJHG PRUH RU OHVV SDUDOOHOO\ DQG WKHLU
DWRPV DUH RUGHUHG DGHTXDWHO\ >�−�@� 7KH FRQVWDQW ] LV JLYHQ E\ >�−�@

] = L + ∑χK

�

�

���

ZKHUH L − LV D YDOXH GHSHQGLQJ RQ WKH QXPEHU RI VORZO\ SURJUHVVLQJ SURFHVVHV RI WKH
QXFOHDWLRQ� χK − LV WKH H[SRQHQW LQ WKH HTXDWLRQ

UK = FK(W − \)χ
K ���

UK DQG FK − DUH WKH GLPHQVLRQV RI WKH JURZLQJ JUDLQ DQG LWV FRHIILFLHQW RI OLQHDU
JURZWK LQ WKH GHILQLWH VSDFH GLUHFWLRQ ;� < RU =� W − LV WKH GXUDWLRQ RI WKH WUDQVIRU�
PDWLRQ� \ − WKH PRPHQW RI WKH EUHDNLQJ RI WKH QXFOHXV IRUPDWLRQ�

7KH OHVV RUGHUHG WKH VWUXFWXUH RI WKH FHQWUH� WKH KLJKHU LV WKH YDOXH RI L >�@� 3URE�
DEO\� D SDUDOOHO FRQILJXUDWLRQ RI WKH FKDLQV DQG DQ DGHTXDWH DUUDQJHPHQW RI WKHLU DW�

RPV DUH QHFHVVDU\ IRU WKH JURZWK RI WKH QXFOHL >�−�� �@� 7KH EHWWHU WKLV DUUDQJHPHQW
DURXQG WKH IRUPHG QXFOHXV DQG WKH ODUJHU WKH DUHD RYHU ZKLFK LW VSUHDGV RXW� WKH
IDVWHU WKH JUDLQ JURZV DQG WKH ODUJHU WKH VL]H LW DWWDLQV KLJKHU� WR ZKLFK D KLJKHU YDOXH

RI ∑χK

�

�

FRUUHVSRQGV >�� �� �@�

7KH UDWH FRQVWDQW N LV JLYHQ E\ >�−�@

N =






FRQVW∏NN

�

L
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�
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�

]

���

ZKHUH / − QXPEHU RI WKH QXFOHDWLRQ FHQWUHV� NN − UDWH FRQVWDQW RI WKH VORZ SURFHVV RI
IRUPDWLRQ� FK − FRHIILFLHQW RI OLQHDU JURZWK RI WKH QXFOHXV�

,Q DPRUSKRXV VXOSKXU GRSHG ZLWK SKRVSKRUXV WKHUH DUH −6−3<6−
6− ERQGV >��@�

7KXV WKH FKDLQV EHFRPH VSDFH − EUDQFKHG� ZKDW GLVWXUEV LWV SDUDOOHO SDFNLQJ

VWURQJO\� &RQVHTXHQWO\� WKH QXPEHU / RI WKH QXFOHDWLRQ FHQWUHV GHFUHDVHV� ZKLFK
FDXVHV WKH GHFUHDVH LQ WKH YDOXH RI N �IRUPXOD ���

3UREDEO\� WKH GLPHQVLRQV RI WKH DGHTXDWHO\ DUUDQJHG UHJLRQV� LQ ZKLFK WKH VWDEOH
QXFOHL FDQ JURZ� GHFUHDVH WRR� 7KXV� WKH JUDLQV RI WKH SURGXFW SKDVH LQ DPRUSKRXV
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VXOSKXU DWWDLQ VPDOOHU VL]HV� L�H�� WKH YDOXH RI∑χK

�

�

DQG� FRQVHTXHQWO\� WKH FRHIILFLHQW
] GHFUHDVH �IRUPXOD ���

7KH LQFUHDVH RI WKH SURFHVV WHPSHUDWXUH LQFUHDVHV LQ WKH YDOXH RI ] �)LJ� ��� 7KLV
LQFUHDVH LQ WKH YDOXH RI ] LV LQ DFFRUGDQFH ZLWK HDUOLHU UHVXOWV >�� �@� 3UREDEO\� WKH LQ�
FUHDVH RI WKH SURFHVV WHPSHUDWXUH FDXVHV DQ LQFUHDVH LQ WKH VL]HV RI WKH SURGXFW

JUDLQV� L�H�� WKH YDOXH ∑χK

�

�

�IRUPXOD �� DQG FRQVHTXHQWO\ WKH YDOXH ] LQFUHDVH�

)RU WKH VDPSOHV GRSHG ZLWK ����� DW� 3 WKH DFWLYDWLRQ HQHUJ\ ( DQG WKH PHDQ
YDOXH ]

_
DUH PHDVXUHG ZLWK UHODWLYHO\ ODUJH HUURUV� 7KH SURGXFW ]

_
(�ZKLFK FDQ EH XVHG

LQ WKHGLVFXVVLRQ RI WKHUHVXOWV >���@KDVD UHODWLYHO\ ODUJHHU URU� ,W ZDVQRW WDNHQ LQWR
DFFRXQW LQ WKHGLVFXVVLRQ�EHFDXVH WKHFRQFOXVLRQVZRXOG QRW EHFRQYLQFLQJ�
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